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MISMATCH STRESSES I N  PRESSURJ3 VESSELS 
by Robert H. Johns 
L e w i s  Research Center 
National Aeronautics and Space Administration 
Cleveland, Ohio 
I n  the  manufacture of pressure vesse ls  it i s  of ten  necessary t o  j o i n  
F;7 segments together  a t  c i rcumferent ia l  j o i n t s  by welds o r  o ther  means. Such 
connections may be made i n  l ightweight f l i g h t  tanks by lapping the  seg- 
ments and spot welding ( f ig .  l(a)) o r  by b u t t  welding the  adjacent seg- 
ments ( f ig .  l ( b ) ) .  The purpose of t h i s  note i s  t o  present an approximate 
ana lys i s  f o r  t he  s t r e s s e s  a r i s i n g  at such a j o i n t  because of the  mismatch 
o r  nonconcurrence of t he  middle surfaces of t he  adjoining segments that  
might occur. The method used i s  applicable t o  any nonshallow s h e l l  of 
revolu t ion  i n  which the  meridional tangents of t h e  two segments a re  paral-  
l e l  t o  each o ther  at  t h e  junction. 
The methods presented o f fe r  t he  following advantages: a simple 
closed-form so lu t ion  i s  obtained that  compares favorably with the  re-  
s u l t s  computed from l i n e a r  edge-influence coef f ic ien ts ,  so lu t ions  a re  
found tha t  a r e  appl icable  t o  both axisymmetric and l o c a l  mismatches, and 
an e a s i l y  remembered approximate formula i s  suggested. The use of t he  
s h e l l  equations f o r  the  pa r t i cu la r  geometry being considered. 
I n  f igu re  1, NS i s  the  meridional membrane force  per un i t  length 
i n  t h e  s h e l l s  a t  t h e i r  junction and d i s  the  d is tance  between the  mid- 
d l e  sur faces  (mismatch). The bending moment a t  the  junct ion due t o  the  
e c c e n t r i c i t y  of t he  membrane forces  i s  then 
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(1) Me = Ngd 
If t h e  s h e l l s  a r e  thin-walled and have equal thicknesses 
moment w i l l  be d i s t r i b u t e d  equally between t h e  two she l l s .  
meridional s t r e s s  occms  a t  the junction and i s  given by 
h, t he  eccen t r i c  
The maximum 
The maximum c i rcumferent ia l  s t r e s s  also occurs a t  t he  junction and f o r  non- 
shallow s h e l l s  i s  given by 
where Ne i s  t h e  c i rcumferent ia l  membrane force  per u n i t  l ength  and v i s  
Poisson's r a t i o .  
If the  j o i n t  i s  a junction between two cyl inders  of r ad ius  
i n t e r n a l  pressure p, t he  foregoing equations can be wr i t t en  as 
a w i t h  
(14 M, = E d  2 
If t h e  " u i s t m t i o r - z n z r g y  t1ieoi-y Is used as a y i e i d  c r i t e r ion ,  t he  m a x i m u m  
e f f e c t i v e  s t r e s s  i s  
Ue = ,,/of + 08 - 
- 
Subs t i t u t ing  equations (Za) and (3a)  i n to  (4) gives  
(4) 
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f o r  t he  case of mismatch i n  a cylinder of constant w a l l  thickness.  From 
equation ( 4 )  t he  e f f ec t ive  s t r e s s  i n  t he  membrane region of a pressurized 
t h i n  cyl inder  ae,mem can be shown t o  be 4 pa/2h. Therefore, the  
quant i ty  under the  r a d i c a l  s ign  i n  equation (5)  can be considered a s t r e s s  
concentration f a c t o r  due t o  the  mismatch. 
4 pa/2h = ae,mem gives  the  s t r e s s  concentrat ion f a c t o r  
Dividing equation (5 )  by 
Equation ( 6 )  i s  p l o t t e d  i n  f igure  2. 
The r e s u l t s  computed from the approximate ana lys i s  presented i n  equa- 
t i o n  ( 6 )  agree very favorably w i t h  the r e s u l t s  computed from the  l i n e a r  
edge influence coe f f i c i en t s  described i n  reference 1; f o r  example, the  
e r r o r  was l e s s  than 2 percent f o r  100 percent mismatch and a/h = 75. The 
use of equation ( 6 )  precludes the  necessi ty  of determining edge influence 
coe f f i c i en t s  and using the  more rigorous equations ind ica ted  i n  r e fe r -  
ence 1. Contrary t o  the  usual r e s u l t s  obtained from edge influence coef- 
f i c i e n t s  t he  s t r e s s  concentration f ac to r  i s  independent of t he  cyl inder  
I n  general, t he  mismatch would not be uniform around the  circumference; 
however, i f  it i s  approximately constant f o r  severa l  c h a r a c t e r i s t i c  lengths  
a, t h e  r e s u l t s  should be su f f i c i en t ly  accurate  f o r  engineering purposes. 
If t h e  mismatch i s  more of a l o c a l  phenomenon, it might be more accurate 
t o  exclude t h e  s t r e s s e s  due t o  the Poisson e f f e c t  because the  r a d i a l  planes 
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a re  no longer constrained t o  remain radial  by a x i a l  symmetry, and l o c a l  
d i s t o r t i o n  can take  place. 
therefore,  but not induced s t r e s s  due t o  t h e  Poisson e f f ec t .  
Poisson s t r a i n  due t o  bending i s  present, 
Conse- 
quently, f o r  l o c a l  mismatch l e t  v equal zero, Then 
scf = 4- ( 7 )  
The r e s u l t  i s  i d e n t i c a l  t o  t he  one obtained from reference 2 i f  t h e  over- 
l a p  d is tance  equals zero. Equation ( 7 )  i s  a l s o  p l o t t e d  i n  f igu re  2. The 
r a d i a l l y  symmetric case (eq. ( 6 ) )  can be considered an upper bound and i s  
not much g r e a t e r  than  the  case f o r  l o c a l  mismatch i f  t h e  mismatch i s  a 
r e l a t i v e l y  l a rge  percentage of t he  s h e l l  thickness. 
If t h e  junction between t h e  two s h e l l s  i s  a l a p  jo in t ,  add i t iona l  
d i scon t inu i ty  s t r e s s e s  a r i s e  because t h e  increased  thickness a c t s  as a 
g i rd l e ,  r e s t r i c t i n g  expansion due t o  i n t e r n a l  pressure. These add i t iona l  
s t r e s s e s  a re  not accounted f o r  i n  t h i s  ana lys i s .  This  e f f e c t  may not be 
serious,  however, because the  r e s t r i c t i o n  on t h e  radial expansion tends  
t o  reduce the  hoop s t r e s s ,  which i s  generally l a r g e r  than  the  meridional 
s t r e s s .  Thus, t h e  s t r e s s  concentration f a c t o r  i s  probably reduced. Also, 
no e f f e c t  of s t r e s s  concentration due t o  sharp corners a t  t h e  mismatch i s  
included. If t h e  joint. is hi-i-tt ~p1c?pc?, t h n r e  Y:X. ?x$sb>y be z. fLllet 
between the  two sec t ions  tha t  minimizes t h i s  e f f e c t .  
One approximation of t he  e f f e c t  of mismatch, which i s  easy t o  r e -  
member, i s  t ha t  t he  e f f e c t i v e  stress concentration f a c t o r  i s  1 p lus  t h e  
mismatch given as a f r a c t i o n  of t h e  thickness. For example, i f  t he re  i s  
50-percent mismatch, t h i s  approximation would give a s t r e s s  concentration 
*-I 
e 
t 
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f a c t o r  of 1.5. For axisymmetric o r  r e l a t i v e l y  wide mismatch, equation ( 6 )  
gives 1.43 f o r  t he  s t r e s s  concentration f ac to r .  For r e l a t i v e l y  l o c a l  m i s -  
match, however, equation ( 7 )  gives 1.32. I n  f igu re  2, it i s  apparent t h a t  
t h i s  simple approximation i s  reasonably accurate f o r  l a r g e  percentages of 
mismatch but i s  l e s s  accurate f o r  small mismatch. 
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la) Butt joint with mismatch. 
(c) Joint with mismatch in  general shell of revolution. 
Figure 1. -Mismatch pints and loading. 
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Figure 2. - Maximum effective stress due to mismatch in 
cylinder. 
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